Abstract. In this paper, we study the resolving of SGP(R), the class of all strongly Gorenstein projective R-modules, over a commutative ring R. Also, we introduce and study the rings of Gorenstein homological dimension small or equal to 1, which we call Gorenstein (semi)hereditary rings and Gorenstein Von Neumann regular rings, and specially particular cases of this rings, which we call strongly Gorenstein (semi)hereditary rings and strongly Gorenstein Von Neumann regular rings.
Introduction
Throughout this paper, all rings are commutative with identity element, and all modules are unital. If M is an R-module, we use pd R (M ), id R (M ) and f d R (M ) to denote, respectively, the classical projective, injective and flat dimensions of M . By gldim(R) and wdim(R) we denote, respectively, the classical global and weak dimensions of R. It is convenient to use "local"to refer to (not necessarily Noetherian) rings with a unique maximal ideal.
1. Gpd R (M ) ≤ pd R (M ) with equality when pd R (M ) is finite.
2. Gid R (M ) ≤ id R (M ) with equality when id R (M ) is finite.
if R is coherent, Gf d R (M ) ≤ f d R (M ) with equality when f d R (M ) is finite.
All these Gorenstein dimensions are defined in terms of resolutions by Gorenstein projective, injective and flat modules, respectively, which are defined as follows:
Definitions 1.1 ([19])
1. An R-module M is said to be Gorenstein projective (G-projective for short), if there exists an exact sequence of projective modules
such that M ∼ = Im(P 0 → P 0 ) and such that Hom R (−, Q) leaves the sequence P exact whenever Q is a projective module. The exact sequence P is called a complete projective resolution.
The Gorenstein injective (G-injective for short) modules are defined dually.

An R-module M is said to be Gorenstein flat (G-flat for short), if there exists an exact sequence of flat modules
such that M ∼ = Im(F 0 → F 0 ) and such that − ⊗ I leaves the sequence F exact whenever I is an injective module. The exact sequence F is called a complete flat resolution.
In the last years, the Gorenstein homological dimensions have become a vigorously active area of research (see [10] for more details). In 2004, Holm [19] generalized several results which already obtained over Noetherian rings (see also [11] ). Then, the notion of the Gorenstein dimensions witnessing a new phase and becomes a recent active area of research.
Recently in [5] , the authors started the study of global Gorenstein dimensions of rings, which are called, for a commutative ring R, projective, injective, and weak dimensions of R, denoted by GP D(R), GID(R), and G − wdim(R), respectively, and, respectively, defined as follows:
They proved that, for any ring R, G − wdim(R) ≤ GID(R) = GP D(R) ([5, Theorems 2.1 and 2.11]). So, according to the terminology of the classical theory of homological dimensions of rings, the common value of GP D(R) and GID(R) is called Gorenstein global dimension of R, and denoted by G − gldim(R). They also proved that the Gorenstein global and weak dimensions are refinement of the classical global and weak dimensions of rings. That is : G−gldim(R) ≤ gldim(R) and G − wdim(R) ≤ wdim(R) with equality if wdim(R) is finite ([5, Propositions 2.12]).
In [4] , the authors study particular cases of Gorenstein projective, injective and flat modules which they call strongly Gorenstein projective, injective and flat modules respectively, and defined as follows: Definitions 1.2
A module M is said to be strongly Gorenstein projective (SG-projective for short), if there exists a complete projective resolution of the form:
The exact sequence P is called a strongly complete projective resolution.
The strongly Gorenstein injective module is defined dually.
A module M is said to be strongly Gorenstein flat (SG-flat for short), if there exists a complete flat resolution of the form:
such that M ∼ = Im(f ). The exact sequence F is called a strongly complete flat resolution.
The principal role of the strongly Gorenstein projective and injective modules is to give a simple characterization of Gorenstein projective and injective modules, respectively, as follows: 
We have also this result: Notation. By P(R), I(R) and F(R) we denote, respectively, the classes of all projective, injective and flat R-modules; and by SGP(R), SGI(R) and SGF (R) we denote, respectively, the classes of all strongly Gorenstein projective, injective and flat R-modules.
In [19] , Holm introduced the notion of resolving classes as follows:
a/ We call that X is projectively resolving if P(R) ⊆ X , and for every short exact sequence 0 −→ X ′ −→ X −→ X" −→ 0 with X" ∈ X the conditions X ′ ∈ X and X ∈ X are equivalent.
b/ We call that X is injectively resolving if I(R) ⊆ X , and for every short exact sequence 0 −→ X ′ −→ X −→ X" −→ 0 with X ′ ∈ X the conditions X" ∈ X and X ∈ X are equivalent.
In [19] again, Holm prove that the class GP(R), of all G-projective R-modules is projectively resolving and closed under arbitrary direct sums and under direct summands ([19, Theorem 2.5]); and dually, the class GI(R), of all G-injective Rmodules, is injectively resolving and closed under arbitrary direct products and under direct summands ([19, Theorem 2.6]). He also prove that, if R is coherent, then the class GF(R), of all Gorenstein flat R-modules, is projectively resolving and closed under direct summands ( [19, Theorem 3.7] ).
In section 2 of this paper, we study the resolving of the classes SGP(R), SGI(R) and SGF (R) over a commutative ring R, and we find some connection between them.
In sections 3 and 4, motivating by the important role of the rings of global and weak dimensions smaller than one in several areas of algebra, we study the rings of Gorenstein homological dimensions smaller than one which we call a Gorenstein (semi)hereditary rings, and we will be interesting to particular cases of these rings which we call a strongly Gorenstein (semi)hereditary rings.
In [7] , the authors defined G-semisimple rings as being the rings of Gorenstein global dimension equal to 0, and they are also interested to particular cases of these rings which they call strongly Gorenstein semisimple rings.
To complete the analogy with the classical rings, in the section 5, we study the rings of Gorenstein weak dimension equal to 0 which we call Gorenstein Von Neumann regular rings, and we will be interesting to particular cases of these rings which we call strongly Gorenstein Von Neumann regular rings.
2
The Resolving of the Class SGP(R)
The aim of this section is to study the resolving of the class SGP(R), of all strongly Gorenstein projective R-modules, over a commutative ring R. 
For every R-module M with
To prove this Theorem, we need the next Lemma:
Lemma 2.2 Let R be a ring and consider the following diagram with exact rows:
where A and B are modules, P is a projective R-module and α is an homomorphism of R-modules. Then the diagram can be completed by an homomorphism of Rmodules β : P ⊕ P −→ B which makes it commutative.
Proof. Since P is projective, there exists an homomorphism λ : 
where G is G-projective and P is projective. By hypothesis, G is SG-projective. Then, there exists a short exact sequence
where Q is projective. By Lemma 2.2, there exists an homomorphism β : P ⊕ P → Q such that the following diagram with exact rows and columns:
From the middle vertical sequence, we show that pd R (cokerβ) ≤ 1. Hence, the result follows from the isomorphism M ∼ = coker(α). 3 =⇒ 1. Let M be a G-projective R-module. Then, by hypothesis, there exists a short exact sequence 0 −→ M −→ Q −→ M −→ 0 where pd R (Q) ≤ 1. On the other hand, the module Q is G-projective, since M is G-projective and GP(R) is projectively resolving. Then, by [19, Proposition 2 .27], Q is projective. Hence, by Corollary 1.6, M is SG-projective. So, GP(R) = SGP(R). Consequently, since GP(R) is projectively resolving, SGP(R) is also projectively resolving. 2 =⇒ 4. It is well-know that every R-module M with Gpd R (M ) ≤ n has a GP(R)-resolution of length ≤ n. Then, if every Gorenstein projective R-module is strongly Gorenstein projective, this resolution is also a SGP(R)-resolution. 4 =⇒ 2. Let M be a G-projective R-module. Then, by hypothesis, M has a SGP(R)-resolution of length 0. That means that M is SG-projective.
The next example gives us a ring R over where the class SGP(R) is not resolving.
Example 2.3 Let D be a principal ideal domain and P a nonzero prime ideal of D.
Consider the rings R = D/P 2 and S = D/P 3 . Then, SGP(R) is resolving (by [7, Corollary 3.9 
]) but SGP(S) is not (by [7, Corollary 3.10]).
Now, it is time to study the resolving of the class SGF(−), of all strongly Gorenstein flat modules, over coherent ring. After, it is naturel to search a connection between the resolving of the two class SGP(−) and SGF (−).
Theorem 2.4 Let R be a coherent ring. The following conditions are equivalent:
1. The class SGF (R), of all strongly Gorenstein flat R-modules, is P(R)-resolving.
Every Gorenstein flat R-module is strongly Gorenstein flat.
For every R-module M with
Proof. The class GF (R) is P(R)-resolving (by [19, Theorem 3.7] and sine R is coherent). On the other hand, the class SGF (R) is stable by direct sums (by [19, Proposition 3.13] and since, over a coherent ring, every direct sum of a flat module is flat). Thus, the argument of this Theorem is analogous to the proof of Theorem 2.1.
Theorem 2.5 Let R be a commutative ring. Then, the following conditions are equivalent:
1. The class SGI(R) is I(R)-resolving.
Every Gorenstein injective R-module is strongly Gorenstein injective.
For every R-module M with
Gid(M ) ≤ 1 , there exists an exact sequence 0 −→ M −→ E −→ M −→ 0 where id(E) ≤ 1.
Proof. The argument is analogous to the proof of Theorem 2.1.
Theorem 2.6 Let R be a commutative ring with Gorenstein global dimension ≤ 1.
We consider the following conditions :
The class SGI(R) is I(R)-resolving.
The class SGF(R) is P(R)-resolving.
Then (1) and (2) are equivalent. If R is coherent, all assertions are equivalent.
Proof. 1 =⇒ 2. Assume that SGP(R) is P(R)-resolving and let
there exists a short exact sequence of R-modules 
, that M is an SG-injective module and the desired result follows from Theorem 2.5. 2 =⇒ 1. The argument is similar to the proof of the implication above. Now, we suppose that R is coherent and prove the equivalence 1 ⇐⇒ 3. 1 =⇒ 3. Assume that SGP(R) is P(R)-resolving. To prove that SGF (R) is P(R)-resolving it suffices, by Theorem 2.4, to prove that every G-flat R-module is SG-flat. 
is P(R)-resolving) and P is a projective module. Thus, there exists a short exact sequence 0 −→ G −→ P ′ −→ G −→ 0 where P ′ is a projective R-module. Using Lemma 2.2, there exists an homomorphism β : P ⊕ P → P ′ such that the following diagram with exact rows and columns:
From the middle horizontal sequence we can see that f d R (coker(β)) ≤ 1. On the other hand, from the right vertical sequence, 
Hence, there exists a short exact sequence 0 −→ M −→ F −→ M −→ 0 where F is flat. By the resolving of GP(R) and from the short exact sequence above we deduce that F is G-projective (since M is G-projective). On the other hand, pd R (F ) < ∞ (by [ 
2. Gpd R (M ) ≤ 1 for all finitely generated R-modules M.
Every ideal of R is Gorenstein projective.
4. id R (P ) ≤ 1 for all R-modules P with finite pd R (P ).
6. pd R (E) ≤ 1 for all R-modules E with finite id R (E).
pd(E
Proof. Proof. Assume that R is an SG-hereditary ring. By definition of a G-projective module, every G-projective R-module embeds in a projective R-module. On the other hand, every submodule of projective R-module is an SG-projective R-module (since R is SG-hereditary). Then every G-projective R-module is SG-projective and the desired result follows from Theorem 2.1. Conversely, assume the resolving of SGP(R). Let M be a submodule of a projective R-module. We claim that M is SG-projective. The module M is G-projective (since R is a G-hereditary ring). Then M is an SG-projective R-module (by Theorem 2.1 and since SGP(R) is resolving), as desired. Proof. By Theorem 2.6 the resolving of SGP(R) and SGF (R) are equivalent since R is coherent and G − gldim(R) ≤ 1. Then, the desired result follows from Proposition 3.5.
The main result, in this section, is the following characterization of the SGhereditary ring. 
For every R-module M , there exists a short exact sequence:
where pd R (Q) ≤ 1, and for every projective module P there is an integer i > 0 such that Ext i R (M, P ) = 0.
where id R (E) 
From the middle horizontal short exact sequence, we deduce that X is projective. By hypothesis (applied to the module M ), for every projective module 
From the middle horizontal short exact sequence, we deduce that X is injective. 
0 −→ M −→ Q −→ M −→ 0 such that pd R (Q) ≤ 1.
Proof. For every R-module M and every projective R-module P we have Ext n R (M, P ) = 0 where n = G − gldim(R); and similarly, for every injective R-module I we have Ext n R (I, M ) = 0. Then, this Corollary follows directly from Theorem 3.7.
Corollary 3.9 Let R be a G-hereditary ring. The following properties are equivalent:
1. R is an SG-hereditary ring. It is well-known that the hereditary rings (resp. Dedekind domains) are coherents (resp. Noetherians). Now, it is natural to ask the following question: Are the SGhereditary rings (resp. SG-Dedekind domains) coherents (resp. Noetherians)?. The next Theorem shows that we have an affirmative answer . 
SGP(R) is P(R)-resolving.
SGI(R) is I(R)-resolving.
For every R-module M , there exists a short exact sequence:
0 −→ M −→ Q −→ M −→ 0 such that pd R (Q) < ∞.
Every SG-Dedekind domain is Noetherian.
To prove this Theorem we need the next Lemma. Proof of Theorem 3.10. 1) Assume that R is an SG-hereditary ring and let I be a finitely generated ideal of R. Then, I is an SG-projective R-module, since I is submodule of the projective R-module R. Therefore I is a finitely presented R-module (by [4, Theorem 3.9] ) and so R is coherent, as desired.
2) Assume that R is an SG-Dedekind domain. Then, R is a coherent ring by 1). Thus, the desired result follows from Lemma 3.11.
On strongly Gorenstein semihereditary rings
Definitions 4.1
A ring R is called Gorenstein semihereditary (G-semihereditary fort short) if
R is coherent and every submodule of flat module is G-flat (i.e., R is coherent and G − wdim(R) ≤ 1).
A ring R is called strongly Gorenstein semihereditary (SG-semihereditary for short) if R is coherent and every submodule of flat module is SG-flat.
Remarks 4.2
Every semihereditary ring is SG-semihereditary, and every SG-semihereditary
ring is G-semihereditary.
Every coherent G-hereditary ring is a G-semihereditary ring (from [5, Theorem 2.11])
Recall that we say that an R-module M has F P -injective dimension at most n (for some n ≥ 0) over a ring R, denoted by
for all finitely presented R-modules P . Recall also that R is called n − F C (for some n ≥ 0), if it is coherent and it has self-F P -injective dimension at most n (i.e., F P − id R (R) ≤ n). Now, we give a characterization of the G-semihereditary rings.
Proposition 4.3 Let R be a coherent ring, then the following properties are equivalent:
1. R is G-semihereditary.
Gf d R (M ) ≤ 1 for all finitely presented R-modules M.
3. Gpd R (M ) ≤ 1 for all finitely presented R-modules M.
Every finitely generated ideal of R is Gorenstein flat.
5. f d R (I) ≤ 1 for all injective R-modules I.
Proof. 
A G-semihereditary ring R is SG-semihereditary if, and only if, SGF (R) is resolving.
Proof.
Follows immediately from [5, Proposition 2.12].
2. First, assume that R is SG-semihereditary and let M be a G-flat R-module. We claim that M is an SG-flat R-module. By definition of G-flat modules, M embeds in a flat R-module. On the other hand, every submodule of flat R-module is SG-flat (since R is SG-semihereditary). Then, M is an SGflat R-module. So, the desired result follows from Theorem 2.4 (since R is coherent). Conversely, assume that R is a G-semihereditary ring such that SGF(R) is resolving and let M be a submodule of a flat R-module. We claim that M is an SG-flat R-module. The R-module M is G-flat (since R is G-semihereditary). Therefore, by the Theorem 2.4, M is SG-flat (since SGF (R) is resolving and R is coherent), as desired.
Remark 4.5 Every SG-hereditary ring is SG-semihereditary since it is coherent (from Theorem 3.10) and by [5, Theorem 2.11] and Theorem 2.6.
The main results, in this section, is the following characterizations of the SGsemihereditary rings. We begin by the following result.
Proposition 4.6 Let R be a coherent ring. If SGF (R) is resolving, then every direct limit of SG-flat R-modules is SG-flat.
Proof. By [19, Theorem 3.7] , every direct limit of SG-flat R-modules is G-flat (since R is coherent). On the other hand, by Theorem 2.4, every G-flat module is SG-flat (since SGF(R) is resolving). Then, it is clear that every direct limit of SG-flat R-modules is SG-flat.
Theorem 4.7 Let R be a ring such that every direct limit of SG-flat R-modules is SG-flat (In particular if R is coherent and SGF (R) is resolving). Then, the following properties are equivalent:
1. R is SG-semihereditary.
Every finitely generated submodule of a projective module is SG-projective.
Proof. We assume that R is an SG-semihereditary ring and let M be a finitely generated submodule of a projective module P . Then, M is a finitely presented SG-flat module (since R is SG-semihereditary and R is coherent). Then, M is SGprojective (By [4, Proposition 3.9]), as desired. Conversely, we assume that every finitely generated submodule of a projective module is SG-projective. Our aim is to show that R is SG-semihereditary. Let I be a finitely generated ideal of R. By hypothesis, I is a finitely generated SG-projective R-module. Then, by [4, Proposition 3.9] , I is a finitely presented SG-flat module. So, by Proposition 4.3, R is a G-semihereditary ring (see that R is coherent). Now, to prove that R is SG-semihereditary ring, it suffices, by Proposition 4.4 and Theorem 2.4, to prove that every G-flat R-module is SG-flat. So, let M be a G-flat R-module. Then, M embeds in a flat R-module F . By Lazard's theorem ([18, Theorem 1.
there is a direct system (L i , ϕ i,j ) i∈I of finitely generated free R-modules such that
where S is the submodule generated by all elements λ j • ϕ i,j (a i ) − λ i (a i ), where a i ∈ L i and i ≤ j, and for each i ∈ I the homomorphism λ i is the injection of L i into the sum ⊕L i (for more details see [1, pages 32, 33 and 34]).
To simplify, we suppose that M ֒→ ⊕L i S and we consider an R-module A and an homomorphism α of R-modules such that the short sequence of R-modules
Now, consider the family of exacts sequences
Conversely, for each x ∈ A, there exists y ∈ ⊕L i S such that α(y) = x. We have
Therefore, we conclude that:
are well defined and the system (M i , ϕ ′ i,j ) i∈I is direct. More thus, the following diagram:
where µ i,j is the embedding of A i in A j , is commutative. So, the short sequence of direct system over I:
is exact and by [1, Exercise 18, p.33], lim −→ (α • λ i ) = α. Consequently, there exists a short exact sequence:
c) For each i ∈ I, M i is direct limit of his finitely generated submodules (M j i ) j , and for each j, M
is SG-projective. So, M i is direct limit of finitely generated SG-projective modules (then SG-flat modules by [4, Proposition 3.9] ). Then, by hypothesis, M i is SG-flat. conclusion : By (a), (b) and (c) we conclude that M is a direct limit of SG-flat modules. Thus, by hypothesis, M is SG-flat, as desired.
Theorem 4.8 Let R be a ring such that SGF(R) is resolving. Then, R is SGsemihereditary if, and only if, every finitely generated ideal is SG-projective.
Proof. We assume that R is SG-semihereditary and let I be a finitely generated ideal of R. Then, I is a finitely presented SG-flat R-module (since R is coherent). Thus, by [4, Proposition 3.9] , I is SG-projective. Conversely, we assume that every finitely generated ideal of R is SG-projective and SGF (R) is resolving. It is clear that R is coherent (by [4, Proposition 3.9] ). So, by Proposition 4.6 and Theorem 4.7, to prove that R is SG-semihereditary, it suffices to prove that every finitely generated submodule of a projective module is SG-projective. Let M be a finitely generated submodule of a free module L. We assume that L admits a basis {x k , k ∈ K}. Since M is finitely generated and each generator of M is a finite linear combination of finite subset of {x k , k ∈ K}. We may, therefore, assume that L is free with basis {x 1 , .., x n }. If n = 1, then M is isomorphic to a finitely generated ideal. Therefore M is SGprojective.
Rx i ). Each x ∈ M has a unique expression x = a + rx n , where a ∈ N n−1 and r ∈ R. If ϕ n is defined by x → r, then there is an exact sequence :
where I n = Imϕ n is finitely generated ideal of R (then finitely presented since R is coherent). M is also finitely presented since it is a finitely generated submodule of a free module and since R is coherent. So, from ( * ), N n−1 is finitely presented (by [18, Theorem 2.5.1]). Then N n−1 is a finitely generated submodule of
Rx i . By induction we have :
where
Rx j ) and I i+1 = Imϕ i+1 for all 1 ≤ i ≤ n − 1. We can show, by induction, that N i and I i+1 are finitely presented for all 1 ≤ i ≤ n − 1. The module N 1 is isomorphic to a finitely generated ideal of R. Then, by hypothesis, N 1 and I 2 are finitely generated SG-projective modules. Therefore, by [4, Proposition 3.9] , N 1 and I 2 are SG-flat. Thus, N 2 is SG-flat since SGF(R) is resolving. Then N 2 is SG-projective (by [4, Proposition 3.9] ). By induction on n, M is SG-projective, as desired.
On strongly Gorenstein Von Neumann regular rings
In this section, we recall first, the definitions of G − semisimple and SG-semisimple rings as well as some results.
Definitions 5.1 [7] 1. A ring R is called Gorenstein semisimple (G-semisimple for short) if every R-module is G-projective (i.e., G − gldim(R) = 0).
A ring R is called strongly Gorenstein semisimple (SG-semisimple for short) if every R-module is SG-projective.
Recall that a ring R is called quasi-Frobenius (QF -ring for short) if it is Noetherian and self-injective (for more details see [21] Definitions 5.4
A ring R is called G-Von Neumann regular (G-VNR for short) if every Rmodule is G-flat (i.e., G − wdim(R) = 0).
A ring R is called SG-Von Neumann regular (SG-VNR for short) if every
R-module is SG-flat.
Remarks 5.5
1. From [5, Theorem 2.11] we can see that every G-semisimple ring is G-Von Neumann regular.
Every SG-Von Neumann regular ring is G-Von Neumann regular ring.
Similarly to G-semisimple rings, we prove that G-Von Neumann regular rings and weakly quasi-Frobenius rings coincide. Recall then this kind of rings:
Definitions 5.6 ( [23] and [17] ) Let R be a ring and M an R-module.
1. We say that M is F P -injective (or absolutely pure) if Ext 1 R (P, M ) = 0 for every finitely presented R-module P .
R is said to be a weakly quasi-Frobenius ring (or also F C-ring) if it is coherent
and it is self-F P -injective (i.e., R is F P -injective as an R-module).
R is called IF -ring if every injective R-module is flat [12] . 3. For all finitely generated ideal I, the module R/I is SG-projective.
Proof.
1 =⇒ 2. Assume that R is an SG-Von Neumann regular ring. Then, every finitely presented module is SG-flat. Hence, by [4, Proposition 3.9] , every finitely presented module is SG-projective. 2 =⇒ 3. Obvious since R/I is a finitely presented R-module for all finitely generated ideal I. 3 =⇒ 1. Assume that R/I is an SG-projective R-module for all finitely generated ideal I. Then, there is a short exact sequence of R-modules: 0 −→ R/I −→ P −→ R/I −→ 0 where P is projective. Therefore, we have the following diagram:
From the middle vertical exact sequence, we deduce that X is projective since P is projective. Then, I is finitely presented and so, R is coherent. On the other hand, by [4, Proposition 3.9] , R/I is SG-flat. Thus, by Proposition 5.9, R is G-Von Neumann regular. Thus, The desired result follows from hypothesis and Proposition 5.11.
Remark 5.15
In an SG-RVN ring, every finitely generated ideal is an SG-projective module. Now, we wish to prove that the relations between the rings of small Gorenstein homological dimensions is similar to the classical case.
We recall that R satisfies the (CH)-property (or R is a (CH)-ring), if every finitely generated projective submodule of a projective module is a direct summand (for more details see [20] ).
where Q is projective and G ′ is G-projective . Thus, we have the following pull-back diagram with exact rows and columns:
From the middle vertical sequence we conclude that P is isomorphic to a direct summand of Q (since R satisfies the (CH)-property). So, K is also isomorphic to a direct summand of Q. Consequently, it is projective. This implies, from [19, Theorem 2.5] , that G/P is G-projective and so, Ext(G/P, P ) = 0. Therefore, the short exact sequence 0 −→ P −→ G −→ G/P −→ 0 splits. Consequently, G = P ⊕ G/P , as desired. Proof. Assume that R is a G-Von Neumann regular ring and let P be a finitely generated projective submodule of a projective module Q. We claim that P is a direct summand of Q. Let Q ′ be a projective R-module such that Q ⊕ Q ′ is a free R-module. We have the short exact sequence:
We can identify P to a submodule of L = Q ⊕ Q ′ . Now, let L 0 be a finitely generated free direct summand of L such that P ⊂ L 0 (This exists since P is a finitely generated submodule of L), and let L 1 be a free module such that L = L 1 ⊕L 2 . The R-module L 0 /P is finitely presented. Then, by Proposition 5.8, it is G-projective. Therefore, by [19, Proposition 2 .27], L 0 /P is projective (since pd R (L 0 /P ) ≤ 1). Now, we consider the following pull-back diagram with exact rows and columns:
From the right exact sequence we deduce that Q/P ⊕ Q ′ is projective (since L 0 /P and L 1 are projective). Then, Q/P is projective. Consequently, Q = Q/P ⊕ P , as desired.
Theorem 5.19 Every G-semihereditary ring which satisfies the (CH)-property is a G-Von Neumann regular ring.
Proof. Assume that R is a G-semihereditary ring which satisfies the (CH)-property. From Proposition 5.8, to prove that R is G-Von Neumann regular, we have to prove that every finitely presented R-module is G-projective. So, let M be a finitely presented R-module and pick a short exact sequence of R-modules 0 −→ K −→ P −→ M −→ 0, where P is a finitely generated projective R-module and K is a finitely generated R-module. By Proposition 4.3, the R-module K is G-projective (since R is G-semihereditary and so, coherent). Then, from [ 
The middle vertical short exact sequence 0 −→ P −→ Z −→ L 0 /K −→ 0 splits since L 0 /K is G-projective and P is projective (by [19, Theorem 2.20] ). Then Z is G-projective (Z = P ⊕ L 0 /K). Now, from Proposition 5.17 and the short exact sequence 0 −→ L 0 −→ Z −→ M −→ 0, L 0 is isomorphic to some direct summand of Z (since R satisfies the (CH)-property). Then, M is also isomorphic to some direct summand of Z. 
